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The choice of activation functions in Convolutional Neural Networks (CNNs) is very important. Rectified
Linear Unit (ReLU) has been widely-used in most CNNs. Recently, a series of non-monotonic activation
functions gradually become the new standard to enhance performance of CNNs. Inspired by them, this
paper firstly proposes a novel non-monotonic activation function called Power Function Linear Unit
(PFLU). The negative part of PFLU is non-monotonic and closer to zero with the negative input decreasing,
which can maintain sparsity of the negative part while introducing negative activation values and non-
zero derivative values for the negative part. The positive part of PFLU does not use identity mapping but is
closer to identity mapping with the positive input increasing, which can bring non-linearity property for
the positive part. Next, this paper proposes faster PFLU (FPFLU). A wide range of classification experi-
ments show that PFLU tends to work better than current state-of-the-art non-monotonic activation func-
tions, and FPFLU can run faster than most non-monotonic activation functions.

� 2020 Elsevier B.V. All rights reserved.
1. Introduction

The activation function is the key to introduce non-linearity
into Convolutional Neural Networks (CNNs) and plays an impor-
tant role to enhance performance of CNNs. Rectified Linear Unit
(ReLU) [1] has been used as the standard activation function in
most CNNs due to its simple implementation and great perfor-
mance. Compared with traditional Sigmoid and Tanh, ReLU uses
identity mapping in its positive part. This special design alleviates
the vanishing gradient problem [2,3] since the derivative of one for
positive activation values is not contractive [4]. Moreover, ReLU
always outputs zero in the negative part, which can bring sparsity
for negative activation values. Compared with Softplus [5], compu-
tational complexity of ReLU is more lightweight and ReLU can pro-
duce the exact sparsity in the negative part. These main advantages
of ReLUmake it possible to train very deep CNNs and accelerate the
training process.

Over the years, many monotonic activation functions have been
proposed to replace ReLU, which mainly include Leaky Rectified
Linear Unit (LReLU) [6], Parametric Rectified Linear Unit (PReLU)
[7], Exponential Linear Unit (ELU) [8] and Scaled Exponential Lin-
ear Unit (SELU) [9]. Their main optimization directions are all to
let the negative quadrant output negative activation values and
non-zero derivative values rather than zero activation values and
zero derivative values, thus enhance the performance of ReLU.
But none has managed to gain the widespread adoption that ReLU
enjoys. Many practitioners have favored the simplicity and reliabil-
ity of ReLU because the performance improvements of the other
activation functions tend to be inconsistent across different models
and datasets.

This paper firstly proposes a novel non-monotonic activation
function called Power Function Linear Unit (PFLU). The negative
part of PFLU is non-monotonic and closer to zero with the negative
input decreasing, which can maintain sparsity of the negative part
while introducing negative activation values and non-zero deriva-
tive values for the negative part. The positive part of PFLU does not
use identity mapping but is closer to identity mapping with the
positive input increasing, which can bring non-linearity property
for the positive part. Next, this paper proposes faster PFLU (FPFLU),
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which uses identity mapping in its positive part, and maintains
non-monotonic in its negative part.

The main contributions of this paper are summarized as fol-
lows: 1) this paper proposes a novel non-monotonic activation
function called PFLU; 2) this paper proposes another novel non-
monotonic activation function called FPFLU; 3) a wide range of
classification experiments show that PFLU tends to work better
than current state-of-the-art non-monotonic activation functions,
and FPFLU can run faster than most non-monotonic activation
functions.

The remaining of this paper is organized as follows. Section 2
reviews a series of non-monotonic activation functions. Section 3
introduces the proposed PFLU and FPFLU. Then experiments are
introduced in Section 4. Section 5 presents conclusion and future
works.

2. Related works

ReLU has been the widely-used activation function in CNNs.
Many various alternatives to ReLU have been proposed, such as
LReLU [6], PReLU [7], ELU [8] and SELU [9]. But none has managed
to replace ReLU due to inconsistent gains. Recently, a series of non-
monotonic activation functions are proposed, such as Gaussian
Error Linear Unit (GELU) [10], Swish [11], HardSwish [12], Rectified
Exponential Unit (REU) [13], and Mish [14], which have similar
mathematical properties and showcase strong and improved
results across different models and datasets. They gradually
become the new standard to enhance performance of CNNs. As
shown in Fig. 1, it can be clearly found that the biggest difference
between monotonic activation functions and non-monotonic acti-
vation functions is non-monotonic property in the negative
quadrant.

ReLU [1] is described as Eq. (1):

fðxÞ ¼ maxðx;0Þ ¼ x if x > 0
0 if x 6 0

�
ð1Þ

Here x is the input and fðxÞ is the output (activation values).
ReLU uses an identity mapping in its positive quadrant and outputs
zero in its negative part. Identity mapping can alleviate the prob-
lem of vanishing gradients. Compared with traditional sigmoid or
tanh function, there are two main changes:

� unbounded in the positive part;
� sparse in the negative part.

GELU [10] is described as Eq. (2):

fðxÞ ¼ x �UðxÞ ¼ x � PðX 6 xÞ ¼ xffiffiffiffi
2p

p
R x
�1 e�

t2
2 dt

¼ x
2 1þ erf xffiffi

2
p
� �h i ð2Þ

Here UðxÞ ¼ PðX 6 xÞ ¼ 1ffiffiffiffi
2p

p
R x
�1 e�

t2
2 is the cumulative distribu-

tion function of the standard normal distribution. GELU is a contin-
uously differentiable function. Due to its complex computability,
GELU has another two forms of approximate calculation, described
as Eqs. (3) and (4), respectively:

fðxÞ ¼ x � rð1:702xÞ ð3Þ

fðxÞ ¼ x
2
� ð1þ tanhð

ffiffiffiffi
2
p

r
ðxþ 0:044715x3ÞÞÞ ð4Þ

Swish [11] is described as Eq. (5):

fðxÞ ¼ x � rðbxÞ ¼ x
1þ e�bx

ð5Þ
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Different from other hand-designed activation functions, Swish
is discovered by leverage automatic search techniques. Here b can
be fixed or trainable. Moreover, it is always a default constant of
1.0.

HardSwish [12] is described as Eq. (6):

fðxÞ ¼ x
minð6;maxðxþ 3;0ÞÞ

6
ð6Þ

Sigmoid r function is much more expensive to compute, so
HardSwish replaces Sigmoid function with its piece-wise linear

hard analog: minð6;maxðxþ3;0ÞÞ
6 . HardSwish is continuous but not

derivable.
REU [13] is described as Eq. (7):

fðxÞ ¼ x if x > 0
x � ex if x 6 0

�
ð7Þ

An identity mapping is still used in the positive part of REU. To
get the non-monotonic property in the negative part, REU uses
x � ex. Meanwhile, REU is derivable.

Mish [14] is described as Eq. (8):

fðxÞ ¼ x � tanhðsoftplusðxÞÞ ¼ x � tanhðlnð1þ exÞÞ ð8Þ
Similar to GELU and Swish, Mish also uses multiplication form.

3. The proposed method

This section firstly presents rough explanation why non-
monotonic activation functions work better than current mono-
tonic activation functions and introduces how to construct similar
non-monotonic activation functions in Section 3.1. Then PFLU and
FPFLU are proposed in Sections 3.2 and 3.3, respectively.

3.1. Non-monotonic activation functions review

Non-monotonic activation functions showcase strong and
improved results across different models and datasets, which this
paper thinks is mainly based on that the negative part is non-
monotonic, which can maintain sparsity of the negative part while
introducing negative activation values and non-zero derivative val-
ues for the negative part.

Observing on current non-monotonic activation functions, they
can be abstracted as Eq. (9):

fðxÞ ¼ x � sðbxÞ ð9Þ
Here sðbxÞ denotes ‘‘S” function and its range is ½0;1�. b can be fixed
or trainable. Moreover, it is always a default constant of 1.0. The
forms of sðxÞ can be mainly classified into three categories, as
shown in Fig. 2. The first form is like sðxÞ of Swish (that is Sigmoid).
The second form is like sðxÞ of HardSwish (that is HardSigmoid). The
third form is like sðxÞ of REU.

Therefore, it can be possible to construct similar non-monotonic
activation functions by designing sðxÞ functions. In addition, it can
take advantage of the additional flexibility of trainable parameter
to add a trainable parameter of b.

3.2. Power function linear unit (PFLU)

Different from most non-monotonic activation functions whose
meta units are exponential function form, the proposed non-
monotonic activation functions are construct with new kind of
expression form, whoes meta unit is power function form. Firstly,
this paper proposes PFLU, which is defined as Eq. (10):

fðxÞ ¼ x � 1
2

1þ xffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
� �

ð10Þ



Fig. 1. Comparison between monotonic activation functions and non-monotonic activation functions. Best viewed in color.

Fig. 2. Three main forms of sðxÞ.
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Its first derivative is defined as Eq. (11):

f 0ðxÞ ¼ 1
2

1þ xffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p þ x

ð1þ x2Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
 !

ð11Þ

Some properties of PFLU are listed as follows:

� Obviously, fðxÞ is derivable 8x 2 R
� Obviously, fð0Þ ¼ 0 and f 0ð0Þ ¼ 1

2

� When x > 0;0 < fðxÞ < x and f 0ðxÞ > 0. As x ! þ1; fðxÞ ! x
Proof :

Obviously; 8x 2 R; 1
2 1þ xffiffiffiffiffiffiffiffi

1þx2
p

� �
2 ð0;1Þ

) When x > 0; 0 < fðxÞ < x

Proof :

fðxÞ ¼ 1
2 xþ x2ffiffiffiffiffiffiffiffi

1þx2
p

� �

¼ 1
2 xþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ x2
p � 1ffiffiffiffiffiffiffiffi

1þx2
p

� �
) As x ! þ1; fðxÞ ! 1

2 ðxþ x� 0Þ ¼ x

� When x 6 0; fðxÞ 6 0. When x 2 ½ 1�
ffiffi
5

pffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð
ffiffi
5

p
�1Þ

p ;0�; f 0ðxÞ P 0, when

x < 1�
ffiffi
5

pffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð
ffiffi
5

p
�1Þ

p ; f 0ðxÞ < 0. As x ! �1; fðxÞ ! 0
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Proof :

Similarly; 8x 2 R; 1
2 1þ xffiffiffiffiffiffiffiffi

1þx2
p

� �
2 ð0;1Þ

) Whenx < 0; fðxÞ < 0

Proof :
It imples that only 9x0 2 ð�1;0Þ; f 0ðx0Þ ¼ 0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x20

q
– 0 )

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x20

q
þ x0 þ x0

1þx2
0
¼ 0

Let x0 ¼ tanðhÞ; h 2 ðp4 ;0Þ
then 1

cosðhÞ þ tanðhÞ þ sinðhÞ tanðhÞ cos2ðhÞ ¼ 0

* cosðhÞ – 0
) 1þ sinðhÞ þ sinðhÞ cos2ðhÞ ¼ 0

) 1þ sinðhÞ þ sinðhÞð1� sin2ðhÞÞ ¼ 0

) sin3ðhÞ � 2 sinðhÞ � 1 ¼ 0

) ð1þ sinðhÞÞðsin2ðhÞ � sinðhÞ � 1Þ ¼ 0
*h 2 ðp4 ;0Þ;1þ sinðhÞ – 0

) sin2ðhÞ � sinðhÞ � 1 ¼ 0

) sinðhÞ ¼ 1�
ffiffi
5

p
2

) x0 ¼ tanðhÞ ¼ 1�
ffiffi
5

pffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð
ffiffi
5

p
�1Þ

p

Proof :

Similarly; fðxÞ ¼ 1
2 xþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ x2
p � 1ffiffiffiffiffiffiffiffi

1þx2
p

� �
) As x ! �1; fðxÞ ! 1

2 ðxþ jxj � 0Þ ¼ 0

Fig. 3a and b plot the shape of PFLU and its first derivative,
respectively.

3.3. Faster power function linear unit (FPFLU)

Next, this paper proposes identity mapped PFLU (IMPFLU),
which uses identity mapping in its positive part, and maintains
non-monotonic in its negative part. IMPFLU is described as Eq.
(12):

fðxÞ ¼ x �max 1;1þ xffiffiffiffiffiffiffiffi
1þx2

p
� �

¼ x �
1 if x > 0
1þ xffiffiffiffiffiffiffiffi

1þx2
p if x 6 0

( ð12Þ



Fig. 3. Illustration of PFLU.
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However, square root operation is expensive to compute. There-
fore, it is expensive to compute for either PFLU or IMPFLU. To alle-
viate this problem, this paper further proposes FPFLU, which also
uses identity mapping in its positive part like IMPFLU, and also
maintains non-monotonic in its negative part like IMPFLU. Differ-
ent from IMPFLU, FPFLU contains none square root operation.
Therefore, FPFLU must run faster than IMPFLU. FPFLU is described
as Eq. (13):

fðxÞ ¼ max x;
x

1þ x2

� �
¼ x � 1 if x > 0

1
1þx2 if x 6 0

(
ð13Þ

Its first derivative is defined as Eq. 14:

f 0ðxÞ ¼
1 if x > 0
1�x2

ð1þx2Þ2 if x 6 0

(
ð14Þ

Some properties of FPFLU are listed as follows:

� fðxÞ is derivable 8x 2 R
Proof :
fð0�Þ ¼ fð0þÞ ¼ 0
f 0ð0�Þ ¼ f 0ð0þÞ ¼ 1

(

) fðxÞ is derivable 8x 2 R

� When x > 0; fðxÞ > 0 and f 0ðxÞ ¼ 1
� When x 6 0; fðxÞ 6 0. Obviously,
x 2 ½�1;0�; f 0ðxÞ P 0; x < �1; f 0ðxÞ < 0. As x ! �1; fðxÞ ! 0
Proof :
When x 6 0; fðxÞ ¼ 1

xþ1
x

) As x ! �1; fðxÞ ! 0

Fig. 4a and b plot the shape of FPFLU and its first derivative,
respectively.
4. Experiments

This section shows and analyzes experimental results. It will be
demonstrated that PFLU and FPFLU can match or outperform other
baseline non-monotonic activation functions rather than trying to
achieve the most advanced performance on a certain dataset by all
manner of means. All activation functions follow the same experi-
mental setups.
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4.1. Hardware and software setups

All of the training tasks are accomplished on a computer with
configurations described in Table 1:

4.2. Datasets

Fashion-MNIST. Fashion MNIST dataset [16] consists of 28� 28
grayscale images of 70,000 fashion products from 10 categories,
with 7,000 images per category. The training set has 60,000 images
and the test set has 10,000 images.

CIFAR. CIFAR dataset [17] consists of colored natural images
with 32� 32 pixels. CIFAR-10 dataset consists of images drawn
from 10 and CIFAR-100 dataset from 100 classes. The training
and test sets contain 50,000 and 10,000 images, respectively.

4.3. Models

Many classic image classification models have been proposed,
which can be roughly classified into six architectures, as shown
in Fig. 5. Representative model architecture of Fig. 5a includes
AlexNet [18], VGGNet [19], TinyDarkNet [20] and et al. Representa-
tive model architecture of Fig. 5b includes ResNet [21], WideRes-
Net [22], ResNeXt [23] and et al. Representative model
architecture of Fig. 5c includes PreResNet [24], DenseNet [25]
and et al. Representative model architecture of Fig. 5d includes
Xception [26] and et al. Representative model architecture of
Fig. 5e includes DarkNet [20], ShuffleNetV2 [27] and et al. Repre-
sentative model architecture of Fig. 5f includes MobileNetV3
[12], EfficientNet [28] and et al.

This paper selects VGGNet16 (VN), ResNet50 (RN), PreResNet50
(PRN), Xception (XCP), ShuffleNetV2-1.0 (SN) and EfficientNet-B0
(EN) as baeline models from each architecture. In order to be suit-
able for the input images with 28� 28 or 32� 32 pixels, all models
only retain the last three down sampling. In addition, the number
of channels becomes half of the original for the ResNet50, PreRes-
Net50 and Xception, the number of channels keeps the original
unchanged for other models.

4.4. Training setups

This paper normalizes the input images using channel means
and standard deviations for pre-processing. Then this paper uses
data augmentation by random rotation, shifting, flipping horizon-
tally. All models use the categorical cross entropy loss function
and are initialized with He initialization [7]. All models are trained
with using AdamW [29] on the Fashion-MNIST dataset, and SGDM



Table 1
Hardware and software setups.

CPU one Intel(R) Core(TM) i5-8500 CPU
GPU one Nvidia Quadro RTX 4000 8 GB
RAM 32 GB
Python 3.8.3
PyTorch [15] 1.6.0
Cuda 10.2
Cudnn 8.0.3

Fig. 4. Illustration of FPFLU.
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[30] on the CIFAR dataset. Train batch size values are 512 on the
Fig. 5. Comparison between different model architectures. (a) sequential architec-
ture; (b) standard residual architecture; (c) full pre-activation residual architecture;
(d) ACT-only pre-activation residual architecture; (e) ACT before addition residual
architecture; (f) linear residual architecture.
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VGGNet16, 256 on ShuffleNetV2-1.0, and 128 on other models,
respectively. The entire training epochs is equal to 60 on the
Fashion-MNIST dataset and 150 on the CIFAR dataset, respectively.
This paper adopts learning rate decay. On the Fashion-MNIST data-
set, learning rate during the first 20 epochs is equal to 0.001, and
during the following 40 epochs divided by 10 once after each 20
epochs. And on the CIFAR dataset, learning rate during the first
80 epochs is equal to 0.1, and during the following 70 epochs
divided by 10 once after each 35 epochs. This paper applies L2
weight decay which additionally helps stabilize training. The
weight decay is 5� 10�4 for the weights of all convolution layers
and all fully connected layers.

4.5. Results and analyses

4.5.1. Top-1 accuracy rate comparison
Table 2–4 report the experimental results. The results show that

none of these non-monotonic activation functions can always get
the best performance. But these non-monotonic activation func-
tions almost consistently perform better than ReLU.6

4.5.2. The number of models comparison
Table 5 shows the proposed each activation function in compar-

ison to each baseline activation function this paper considers. The
results in Table 5 are aggregated by comparing the performance of
the proposed each activation function to the performance of differ-
ent activation functions applied into a variety of models across
multiple datasets. The improvement of PFLU over other baseline
activation functions is statistically significant under a one-sided
paired sign test. Similarly, Table 6 shows the proposed FPFLU in
comparison to each baseline activation function this paper consid-
ers. The results in Table 6 are aggregated by comparing the perfor-
mance of the proposed FPFLU to the performance of different
activation functions applied into a variety of models across multi-
ple datasets. The results show that FPFLU performs worse than
GELU, Swish, Mish and PFLU. The performance of FPFLU is similar
with HardSwish and REU. Table 7 reports the number of the best
results appearing for different activation functions applied into a
variety of models across multiple datasets. PFLU and Mish both
get the maximum number of the best results appearing.

4.5.3. Average and standard deviation comparison
Table 8 shows average and standard deviation of top-1 accuracy

rate for six models on the same dataset. It can be found that Swish,
Mish and PFLU are more robust for different models than other
6 Here b in Swish is a fixed constant of 1.0.



Table 2
Top-1 accuracy rate (%) on Fashion-MNIST dataset [16] for different activation
functions. Note that in each column, the denotes the best result, the
denotes the second good result, and the denotes the third good result. Best
viewed in color.

Table 3
Top-1 accuracy rate (%) on CIFAR-10 dataset [17] for different activation functions.

Table 4
Top-1 accuracy rate (%) on CIFAR-100 dataset [17] for different activation functions.

Table 5
The number of models on which the proposed PFLU outperforms or underperforms
each baseline activation function this paper compared against in the experiments.

PFLU (ours) > Baseline PFLU (ours) < Baseline

ReLU [1] 15 3
GELU [10] 11 7
Swish [11] 11 7
HardSwish [12] 12 6
REU [13] 14 4
Mish [14] 10 8
FPFLU (ours) 13 5

Table 6
The number of models on which the proposed FPFLU outperforms or underperforms
each baseline activation function this paper compared against in the experiments.

FPFLU (ours) > Baseline FPFLU (ours) < Baseline

ReLU [1] 12 6
GELU [10] 7 10
Swish [11] 5 13
HardSwish [12] 9 9
REU [13] 12 6
Mish [14] 4 13
PFLU (ours) 5 13

Table 7
The number of the best results appearing across different datasets and models.

Table 8
Average and standard deviation of top-1 accuracy rate for six models on the same
dataset. FM denotes Fashion-MNIST. C10 denotes CIFAR-10. C100 denotes CIFAR-100.
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activation functions. Table 9 shows average and standard deviation
of top-1 accuracy rate for three datasets on the same model. It can
be found that PFLU is more robust for different datasets than other
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activation functions. And Swish is also very robust for different
datasets. Note that ReLU gets the best performance for three data-
sets on the VGGNet16 (VN).

4.5.4. Explanations in theory
From the results and result analyses in Section 4.5.1–4.5.3, it

can be found that the proposed PFLU, GELU, Swish or Mish tends
to perform better than the proposed FPFLU and REU, which shows
that identity mapping in the positive part is no longer an advan-
tage. This paper thinks that the positive part does not use identity
mapping but is closer to identity mapping with the positive input
increasing, which can bring non-linearity property for the positive
part, thus being more robust to data distribution. The proposed
PFLU, GELU, Swish or Mish also tends to perform better than Hard-
Swish, which shows that it is also very important to be derivable
for the performance of an activation function. The proposed PFLU
tends to perform better than GELU, Swish and Mish. This paper
thinks that the negative part of PFLU closes to zero more slowly
with negative input decreasing, thus maintaining more
nonlinearity.

4.5.5. Training and evaluation time comparison
While the non-monotonic activation functions improve accu-

racy compared with ReLU, they come with non-zero computational
cost. Therefore, computational complexity is another index for
evaluating the performance of activation function. In the experi-
ments of this paper, training time of the same activation function
differ from implemented by this paper and the standard function
of the PyTorch. For fair comparison, all activation functions are
implemented by this paper. Table 10 compares training and evalu-
ation time between different activation functions. Training and
evaluation time are measured by training ResNet50 for an epoch
on CIFAR-100 dataset. Time is in second (s). Then computational
complexities of these activation functions can be roughly sorted
as follows:

ReLU < REU < HardSwish < FPFLU ðoursÞ
< Swish < PFLU ðoursÞ < GELU < Mish



Table 9
Average and standard deviation of top-1 accuracy rate for three datasets on the same model.

Table 10
Comparison of training and evaluation time between different activation function.
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5. Conclusion and future works

This paper proposes tow novel non-monotonic activation func-
tions: PFLU and FPFLU. A wide range of classification experiments
show that PFLU tends to work better than current state-of-the-art
non-monotonic activation functions, and FPFLU can run faster than
most non-monotonic activation functions. If better performance is
the demand, PFLU can be chosen. If faster speed is the demand,
FPFLU can be selected. PFLU and FPFLU provide more choices for
enhancing the performance of CNNs. Future works include to
benchmark them on the ImageNet [31] dataset and to extend their
theoretical understandings.
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